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HARD LEFSCHETZ THEOREM FOR VAISMAN MANIFOLDS
BENIAMINO CAPPELLETTI-MONTANO, ANTONIO DE NICOLA, JUAN CARLOS MARRERO,
AND IVAN YUDIN
Abstract. We establish a Hard Lefschetz Theorem for the de Rham cohomology of compact
Vaisman manifolds. A similar result is proved for the basic cohomology with respect to the Lee
vector field. Motivated by these results, we introduce the notions of a Lefschetz and of a basic
Lefschetz locally conformal symplectic (l.c.s.) manifold of the first kind. We prove that the
two notions are equivalent if there exists a Riemannian metric such that the Lee vector field is
unitary and parallel and its metric dual 1-form coincides with the Lee 1-form. Finally, we discuss
several examples of compact l.c.s. manifolds of the first kind which do not admit compatible
Vaisman metrics.
1. Introduction
1.1. Antecedents and motivation. It is well known that the global scalar product on the space
of k-forms in a compact oriented Riemannian manifold M of dimension m induces an isomorphism
between the kth de Rham cohomology group Hk(M) and the dual space of the (m−k)th de Rham
cohomology group Hm−k(M). So, using that the dimension of the de Rham cohomology groups
is finite, we deduce the Poincare´-duality: the dimension of Hk(M) is equal to the dimension of
Hm−k(M).
In addition, in some special cases, one may define a canonical isomorphism between the vector
spaces Hk(M) and Hm−k(M). For instance, if M is a compact Ka¨hler manifold of dimension
2n then, using the (n − k)th exterior power of the symplectic 2-form, one obtains an explicit
isomorphism between Hk(M) and H2n−k(M). This is known as the Hard Lefschetz isomorphism
for compact Ka¨hler manifolds (see [11]).
On the other hand, it is well known that the odd dimensional counterparts of Ka¨hler manifolds
are Sasakian and co-Ka¨hler manifolds (see [2, 3]). In these cases, one may also obtain a Hard
Lefschetz isomorphism as shown in [6] for Sasakian and in [7] for co-Ka¨hler manifolds. For a
compact co-Ka¨hler manifold the Hard Lefschetz isomorphism depends only on the underlying
cosymplectic structure and for a Sasakian manifold it depends only on the corresponding contact
structure.
A particular class of Hermitian manifolds which are related to Ka¨hler, co-Ka¨hler and Sasakian
manifolds are Vaisman manifolds introduced in [20, 21]. A Vaisman manifold is a locally conformal
Ka¨hler manifoldM which has non-zero parallel Lee 1-form ω. This last condition is quite important
in the complex case. However, we remark that in the compact quaternionic setting it is not
restrictive. In fact, for a non-hyperKa¨hler compact locally conformal hyperKa¨hler manifold or for
a non-quaternionic Ka¨hler compact locally conformal quaternionic Ka¨hler manifold one can always
assume that the Lee 1-form is parallel (see the paper by Ornea and Piccinni [14]).
In this paper we will assume, without loss of generality, that the Lee 1-form ω of a Vaisman
manifold M is unitary. If J is the complex structure of M then the 1-form η := −ω ◦ J is called
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the anti-Lee 1-form of M . The Lee vector field U is defined as the metric dual of ω, while the
metric dual of η is called the anti-Lee vector field and is denoted by V . The following properties
of Vaisman manifolds can be found in [8] and [12]:
- the couple (U, V ) defines a flat foliation of rank 2 on M which is transversely Ka¨hler;
- the foliation on M defined by V is transversely co-Ka¨hler;
- the orthogonal bundle to the foliation on M defined by U is integrable and the leaves of
the corresponding foliation are c-Sasakian manifolds.
The above results show that there is a close relationship between Vaisman manifolds on the one
side and Ka¨hler, co-Ka¨hler, and Sasakian manifolds on the other side. In fact, the mapping torus
of a compact Sasakian manifold has a canonical Vaisman structure. Moreover, in [15, 16], Ornea
and Verbitsky proved that any compact Vaisman manifold of dimension 2n + 2 is diffeomorphic
to the mapping torus of a compact Sasakian manifold N of dimension 2n+ 1. However, note that
this diffeomorphism does not preserve in general the geometric structure of the manifold.
In view of the above mentioned Hard Lefschetz theorems for compact Sasakian and co-Ka¨hler
manifolds, a natural question arise: is there a Hard Lefschetz theorem for a compact Vaisman
manifold? The aim of this paper is to give a positive answer to this question.
1.2. The results in the paper. The main result of this paper is the Hard Lefschetz theorem for
a compact Vaisman manifold which may be formulated as follows.
Theorem 1.1. Let M be a compact Vaisman manifold of dimension 2n + 2 with Lee 1-form ω,
anti-Lee 1-form η, Lee vector field U , and anti-Lee vector field V . Then for each integer k between
0 and n, there exists an isomorphism
Lefk : H
k(M) −→ H2n+2−k(M)
which can be computed by using the following properties:
(i) for every [γ] ∈ Hk(M), there is γ′ ∈ [γ] such that
LUγ
′ = 0, iV γ
′ = 0, Ln−k+2γ′ = 0, Ln−k+1ǫωγ
′ = 0;
(ii) if γ′ ∈ [γ] satisfies the conditions in (i) then
Lefk[γ] = [ǫηL
n−k(LiUγ
′ − ǫωγ
′)].
In this paper we write ǫβ for the operator of the exterior multiplication by a differential form
β, and L is defined to be ǫdη.
The map Lefk : H
k(M) −→ H2n+2−k(M), 0 ≤ k ≤ n, in Theorem 1.1 will be called the
Lefschetz isomorphism in degree k for the compact Vaisman manifold M .
In order to prove Theorem 1.1, we will first use some results which concern the basic cohomologies
of a compact oriented Riemannian manifold with respect to some Riemannian foliations. In fact,
these results on basic cohomologies allow us to prove the U -basic Hard Lefschetz theorem below
for a compact Vaisman manifold (this theorem is essential in the proof of Theorem 1.1).
Theorem 1.2. Let M be a compact Vaisman manifold of dimension 2n + 2 with Lee 1-form ω,
anti-Lee 1-form η, Lee vector field U , and anti-Lee vector field V . Denote by H∗B(M,U) the basic
cohomology of M with respect to U . Then for each integer k between 0 and n, there exists an
isomorphism
LefUk : H
k
B(M,U) −→ H
2n+1−k
B (M,U)
which can be computed by using the following properties:
(i) for every [β]U ∈ H
k
B(M,U), there is β
′ ∈ [β]U such that
(1.1) iV β
′ = 0, Ln−k+1β′ = 0;
(ii) if β′ ∈ [β]U satisfies the conditions in (i) then
LefUk [β]U = [ǫηL
n−kβ′]U .
The map LefUk : H
k
B(M,U) −→ H
2n+1−k
B (M,U), for 0 ≤ k ≤ n, will be called the U -basic
Lefschetz isomorphism in degree k associated with the compact Vaisman manifold M .
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Remark 1.3. As we mentioned in Section 1.1, a compact Vaisman manifoldM of dimension 2n+2 is
diffeomorphic to the mapping torus of a compact Sasakian manifold S of dimension 2n+1 (see [16]).
Note that in general the original Vaisman structure differs from the one obtained from the Sasakian
structure by the mapping torus construction. One can obtain a Hard Lefschetz isomorphism for
the de Rham cohomology of M using the results in [6] for this new Vaisman structure. However,
this isomorphism is not given in terms of the original Vaisman structure on M (as in our Theorem
1.1). For this reason, our approach in this paper is to use some results on the basic cohomology
associated with the Lee vector field U of M .
For a Vaisman manifoldM of dimension 2n+2, the couple (ω, η) of the Lee and anti-Lee 1-forms
defines a locally conformal symplectic (l.c.s.) structure of the first kind with anti-Lee vector field
V and infinitesimal automorphism U (see [22] and Section 2 for the definition of an l.c.s. structure
of the first kind). Note that the definition of the Hard Lefschetz and the basic Hard Lefschetz
isomorphism associated with M only depends on the l.c.s. structure of the first kind. Hence,
both isomorphisms provide obstructions for an l.c.s. manifold of the first kind to admit Vaisman
structures.
Now, let M be a compact manifold of dimension 2n+ 2 endowed with an l.c.s. structure of the
first kind (ω, η). Suppose that U and V are the anti-Lee and Lee vector field, respectively, on M .
Then, the previous results suggest us to introduce the following Lefschetz relation between the
cohomology groups Hk(M) and H2n+2−k(M) , for 0 ≤ k ≤ n,
RLefk =
{
([γ], [ǫηL
n−k(LiUγ − ǫωγ)])
∣∣ γ ∈ Ωk(M), dγ = 0, LUγ = 0, iV γ = 0,
Ln−k+2γ = 0, Ln−k+1ǫωγ = 0
}
.
Similarly, we define the U -basic Lefschetz relation between the basic cohomology groupsHkB(M,U)
and H2n+1−kB (M,U), for 0 ≤ k ≤ n, by
RBLefk =
{
([β]U , [ǫηL
n−kβ]U )
∣∣ β ∈ ΩkB(M,U), dβ = 0, iV β = 0, Ln−k+1β = 0} .
An l.c.s. structure on M of the first kind is said to be:
- Lefschetz if, for every 0 ≤ k ≤ n, the relation RLefk is the graph of an isomorphism
Lefk : H
k(M) −→ H2n+2−k(M);
- Basic Lefschetz if, for every 0 ≤ k ≤ n, the relation RBLefk is the graph of an isomorphism
LefUk : H
k
B(M,U) −→ H
2n+1−k
B (M,U).
It is not clear what is the relation between the Lefschetz property and the basic Lefschetz property
in general. However, we may prove the following result.
Theorem 1.4. Let M be a compact manifold of dimension 2n+2 endowed with an l.c.s. structure
of the first kind (ω, η) such that the Lee vector field U is unitary and parallel with respect to a
Riemannian metric g on M and
ω(X) = g(X,U), for X ∈ X(M).
Then:
(1) The structure (ω, η) is Lefschetz if and only if it is U -basic Lefschetz.
(2) If the structure (ω, η) is Lefschetz (or, equivalently, U -basic Lefschetz), then for each 1 ≤ k ≤ n
there exists a non-degenerate bilinear form
ψ : HkB(M,U)×H
k
B(M,U) −→ R
ψ([β]B , [β
′]B) =
∫
M
[ω] ∪ LefUk [β] ∪ [β
′]
which is skew-symmetric for odd k and symmetric for even k. As a consequence,
(1.2) bk(M)− bk−1(M) is even if k is odd and 1 ≤ k ≤ n,
where br(M) is the rth Betti number of M .
We remark that relations in (1.2) are well-known properties of the Betti numbers of a compact
Vaisman manifold of dimension 2n+ 2 (see [8, 21]).
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1.3. Organization of the paper. In Section 2 we review some known results on locally conformal
symplectic, contact and Vaisman manifolds. In Section 3, we will discuss several results on the
basic cohomology of some transversely oriented Riemannian foliations on compact Riemannian
manifolds. In Sections 4 and 5, we will prove Theorems 1.2 and 1.4, respectively. As a consequence
Theorem 1.1 is also proved in Section 5. Finally, in Section 6, we give several examples of compact
l.c.s. manifolds of the fist kind which do not admit compatible Vaisman metrics. Some of these
examples satisfy the Lefschetz property and the basic Lefschetz property and others not.
All manifolds considered in this paper will be assumed to be smooth and connected. For wedge
product, exterior derivative and interior product we use the conventions as in Goldberg’s book
[10].
2. Locally conformal symplectic, contact and Vaisman manifolds
In this section we will review the definition of a locally conformal symplectic (l.c.s.) structure
of the first kind, of a contact structure and of a Vaisman manifold. More details can be found in
[1, 8, 13, 22].
An l.c.s. structure of the first kind on a manifold M of dimension 2n + 2 is a couple (ω, η) of
1-forms such that:
(i) ω is closed;
(ii) the rank of dη is 2n and ω ∧ η ∧ (dη)n is a volume form.
The form ω is called the Lee 1-form while η is said to be the anti-Lee 1-form.
If (ω, η) is an l.c.s. structure of the first kind on M then there exists a unique vector field V ,
the anti-Lee vector field of M , which is characterized by the following conditions
ω(V ) = 0, η(V ) = 1, iV dη = 0.
Moreover, there exists a unique vector field U , the Lee vector field of M , which is characterized by
the following conditions
ω(U) = 1, η(U) = 0, iUdη = 0.
Remark 2.1. If (ω, η) is an l.c.s. structure of the first kind then the 2-form
Ω := dη + η ∧ ω
is non-degenerate and
(2.1) dΩ = ω ∧ Ω.
Moreover, the Lee vector field U satisfies the condition LUΩ = 0. In other words, Ω is an l.c.s.
structure of the first kind in the sense of Vaisman [22] with Lee 1-form ω and infinitesimal au-
tomorphism U . Conversely, if Ω is an l.c.s. structure of the first kind with Lee 1-form ω and
infinitesimal automorphism U then the rank of dη is 2n and ω ∧ η ∧ (dη)n is a volume form, with
η the 1-form on M given by
η = −iUΩ.
The typical example of a compact l.c.s. manifold of the first kind is the product of a compact
contact manifold with the circle S1. We recall that a 1-form η on a manifold N of dimension 2n+1
is said to be a contact structure if η∧ (dη)n is a volume form. In such a case, there exists a unique
vector field ξ on N , called the Reeb vector field, which is characterized by the following conditions
iξη = 1, iξdη = 0.
If η is a contact structure on N then the product manifoldM = N×S1 admits a l.c.s. structure
of the first kind which is given by (pr∗2θ, pr
∗
1η), where θ is the volume form of length 1 on S
1 and
pr1 : M → N and pr2 :M → S
1 are the canonical projections. The Lee and anti-Lee vector fields
on M are the Reeb vector field ξ and E, respectively, with E the canonical vector field on S1.
A Vaisman manifold is an l.c.s. manifold of the first kind (M,ω, η) which carries a Riemannian
metric g such that:
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(1) the tensor field J of type (1, 1), given by
(2.2) g(X, JY ) = Ω(X,Y ), for X,Y ∈ X(M),
is a complex structure which is compatible with g, that is,
(2.3) g(JX, JY ) = g(X,Y );
(2) the Lee 1-form ω is parallel with respect to g.
Remark 2.2. If ω is the Lee 1-form of a Vaisman manifold M then ‖ω‖ is a positive constant. We
will assume, without loss of generality, that ω is unitary which implies that the anti-Lee and Lee
vector fields U and V are also unitary.
If (M,J, g) is a Vaisman manifold one may prove that U is parallel (and, thus, Killing), V is Killing
and
[U, V ] = 0, LUJ = 0, LV J = 0.
So, the foliation of rank 2 which is generated by U and V is transversely Ka¨hler.
As we expected, the existence of a Vaisman structure on a compact manifold implies several
topological restrictions. In fact, from (2.1), (2.2) and (2.3), it follows that a Vaisman manifold is
locally conformal Ka¨hler (l.c.K.) and the existence of a l.c.K. structure on a compact manifold M
also implies that the topology of M must satisfy some conditions (see [17]).
3. Some results on the basic cohomology of Riemannian foliations
Let F be a transversely oriented Riemannian foliation on a compact Riemannian manifold P
with a bundle-like metric g. We define the basic de Rham complex with respect to F by
ΩkB(P,F) :=
{
α ∈ Ωk(P )
∣∣ iXα = 0, LXα = 0, ∀X ∈ Γ(TF)} .
The exterior derivative d restricts to a cohomology operator dF on basic forms. The corresponding
basic cohomology will be denoted by HkB(P,F).
Recall that a vector field W is said to be foliated with respect to the foliation F if [W,Γ(TF)] ⊂
Γ(TF). Let (P,F) be a foliated manifold andW a parallel unitary foliated vector field on P which
is orthogonal to F . Then, we can enlarge the foliation F by adding the vector field W , defining
a new foliation F˜ := 〈F ,W 〉. The following theorem relates the corresponding basic cohomologies
H∗B(P,F) and H
∗
B(P, F˜).
Theorem 3.1. Let F be a transversely oriented Riemannian foliation on a compact oriented
Riemannian manifold (P, g) of dimension p and W be a unitary and parallel foliated vector field
on P that is orthogonal to F . Denote by w the metric dual 1-form of W and let F˜ := 〈F ,W 〉.
Then for each integer k between 0 and p, the map
[(Id, ǫw)] : H
k
B(P, F˜)⊕H
k−1
B (P, F˜) −→ H
k
B(P,F)
defined by
(3.1) [(Id, ǫw)]([β]F˜ , [β
′]F˜) = [β + w ∧ β
′]F
is an isomorphism.
Considering as a special case F to be the zero foliation on P , one can relate the de Rham
cohomology H∗(P ) to the basic cohomology H∗B(P,W ) with respect to the vector field W .
Corollary 3.2. Let W be a unitary and parallel vector field on a compact oriented Riemannian
manifold (P, g) of dimension p. Denote by w the metric dual 1-form of W . Then for each integer
k between 0 and p, the map
[(Id, ǫw)] : H
k
B(P,W ) ⊕H
k−1
B (P,W ) −→ H
k(P )
defined by
(3.2) [(Id, ǫw)]([β]W , [β
′]W ) = [β + w ∧ β
′]
is an isomorphism.
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The rest of this section is devoted to prove Theorem 3.1. First we need to recall some preliminary
results.
Denote by ⋆ the Hodge star isomorphism on P and by δ the codifferential, defined for a k-form
θ on P by
δθ = (−1)pk+p+1 ⋆ d ⋆ θ.
Note that (see page 97 in [10])
(3.3) ⋆ ⋆ = (−1)k(p−k)Id, ⋆ δ = (−1)pd ⋆ .
Let {W1, . . . ,Wp} be a local orthonormal basis of vector fields on P and {w
1, . . . , wp} the corre-
sponding dual basis of 1-forms. We have that
(3.4) dθ =
p∑
j=1
ǫwj∇Wjθ, δθ = −
p∑
j=1
iWj∇Wjθ,
where ∇ is the Levi-Civita connection on P and ǫwj is the operator of the exterior multiplication
by the 1-form wj .
Using (3.4), the following result clearly holds.
Lemma 3.3. If θ is a parallel k-form on P , then θ is harmonic.
Now, one may define the basic codifferential δF : Ω
k
B(P,F)→ Ω
k−1
B (P,F) as δF = ΠF ◦δ, where
ΠF : Ω
k(P ) → ΩkB(P,F) is the orthogonal projection on the space of basic forms. Then, basic
Hodge theory for the basic Laplacian ∆F = dFδF + δFdF holds. In fact, if Ω
k
∆F
(P ) is the space
of basic-harmonic k-forms, we have the orthogonal decomposition
ΩkB(P,F) = ∆F (Ω
k
B(P,F)) ⊕ Ω
k
∆F (P ) = Im dF ⊕ Im δF ⊕ Ω
k
∆F (P ),
(see [18]). Thus, there exists a basic Green operator GF : Ω
k
B(P,F)→ Ω
k
∆F
(P )⊥ = ∆F(Ω
k
B(P,F))
which is characterized by the condition
(3.5) ∆FGF = Id−HF ,
whereHF : Ω
k
B(P,F)→ Ω
k
∆F
(P ) is the orthogonal projection. It is clear that GFHF = HFGF = 0
and
(3.6) GF∆F = Id−HF ,
(for more details, see [18]).
Now, we prove that the following property of the standard Green operator also holds in the
foliated case.
Lemma 3.4. The basic Green operator GF commutes with any linear operator on Ω
∗
B(P,F) which
commutes with the basic Laplacian ∆F .
Proof. Let S be a linear operator on Ω∗B(P,F) such that
(3.7) ∆FS = S∆F .
First, we prove that HFS = SHF . By composing (3.6) with S on the left we have
(3.8) SGF∆F + SHF = S.
On the other hand, by composing with S on the right and using (3.7) we get
(3.9) GFS∆F +HFS = S.
From (3.8) and (3.9) we obtain
GFS∆F +HFS = SGF∆F + SHF .
Now, by composing with HF on the right and using that ∆FHF = 0 we get
(3.10) HFSHF = SH
2
F = SHF .
Moreover, starting from (3.5) and performing steps similar to the above, one gets
(3.11) HFSHF = H
2
FS = HFS.
From (3.10) and (3.11) we conclude that HF commutes with S as claimed.
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Now, from (3.6) we have
GF∆FSGF = (Id−HF)SGF = SGF −HFSGF
Since HF commutes with S and HFGF = 0 we get
(3.12) GF∆FSGF = SGF .
Moreover, as S commutes with ∆F and using (3.5) we have
GF∆FSGF = GFS∆FGF = GFS −GFSHF .
Since S commutes with HF and GFHF = 0 we obtain
(3.13) GF∆FSGF = GFS.
From (3.12) and (3.13) we conclude that SGF = GFS. 
Next, we will prove Theorem 3.1.
Proof of Theorem 3.1. We will proceed in two steps.
First step. Define
Ω∗B(P,F)
LW :=
{
β ∈ ΩkB(P,F)
∣∣ LWβ = 0} .
We will prove that the inclusion map
i : Ω∗B(P,F)
LW −֒→ Ω∗B(P,F)
induces an isomorphism between the corresponding cohomology groups
[i] : H∗B(P,F)
LW −֒→ H∗B(P,F).
First of all, we will see that [i] is injective.
Let β ∈ ΩkB(P,F)
LW be a closed form such that β is exact in Ω∗B(P,F). Let γ := δFGFβ,
where δF is the basic codifferential and GF is the basic Green operator with respect to F . Then,
by using (3.5) we have
dγ = dδFGFβ = ∆FGFβ − δFdGFβ
= (Id−HF)β − δFGFdβ = β,
since GF commutes with d, dβ = 0 and HFβ = 0.
It is clear that γ is basic. Thus, in order to show that β is exact in Ω∗B(P,F)
LW we have to
check that LW γ = 0.
To get LW γ = 0, it is enough to have [LW , δF ] = 0. In fact, if [LW , δF ] = 0, then [LW , d] = 0
implies [LW ,∆F ] = 0, and hence by Lemma 3.4 [LW , GF ] = 0. Thence
LW γ = LW δFGFβ = δFGFLWβ = 0.
It is left to prove that [LW , δF ] = 0. Since W is parallel, by [10, page 109] we have [LW , δ] = 0.
But δF = ΠF ◦ δ. We will now show that [LW ,ΠF ] = 0.
First, note that since W is a foliated vector field we have
LWΩ
k
B(P,F) ⊂ Ω
k
B(P,F).(3.14)
Indeed, for each X ∈ Γ(TF) and α ∈ ΩkB(P,F) we get
iXLWα = LW iXα+ i[X,W ]α = 0
and
LXLWα = LWLXα+ L[X,W ]α = 0.
Now, note that (3.14) implies
L∗WΩ
k
B(P,F)
⊥ ⊂ ΩkB(P,F)
⊥,
where L∗W is the adjoint operator of LW with respect to the global scalar product in Ω
k(P ). But
L∗W = −LW since W is Killing [10, page 109] and hence we have
LWΩ
k
B(P,F)
⊥ ⊂ ΩkB(P,F)
⊥.(3.15)
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Let θ ∈ Ωk(P ). We can decompose it as
θ = θF + θF⊥
with θF = ΠFθ ∈ Ω
k
B(P,F) and θF⊥ ∈ Ω
k
B(P,F)
⊥. Thus
LW θ = LW θF + LW θF⊥ .
Using (3.14) and (3.15) we obtain that LW θF ∈ Ω
k
B(P,F) and LW θF⊥ ∈ Ω
k
B(P,F)
⊥. Hence
ΠFLW θ = LW θF = LWΠFθ,
for every θ ∈ Ωk(P ). Thus, [LW ,ΠF ] = 0 as claimed.
It follows that
[LW , δF ] = [LW ,ΠF ]δ +ΠF [LW , δ] = 0.
Thus, we can conclude that LW γ = 0. Therefore β is exact also in Ω
∗
B(P,F)
LW . This proves the
injectivity of [i].
Next, we will see that [i] is surjective.
Now, let β ∈ Ωk∆F (P ). Then LWβ = diWβ is exact. Moreover, from (3.14), LWβ ∈ Ω
k
B(P,F).
Hence, by basic Hodge theory we have
LWβ = dδFGFLWβ
= dGFδFLWβ
= dGFLW δFβ = 0,
where we used Lemma 3.4 and [LW , δF ] = 0. This shows that β is LW -invariant and hence belongs
to the image of [i], proving surjectivity.
Second step. For a closed F -basic k-form β ∈ ΩkB(P,F), let us denote by [β]F its cohomology
class in HkB(P,F). We will now prove that for each integer k between 0 and p, the map
(3.16) ([iW ǫw]F˜ , [iW ]F˜) : H
k
B(P,F)
LW −→ HkB(P, F˜)⊕H
k−1
B (P, F˜)
defined by
([iW ǫw]F˜ , [iW ]F˜ )([β]F ) = ([iW ǫwβ]F˜ , [iWβ]F˜ )
is an isomorphism. Let us start by checking that it is well defined. Consider β ∈ ΩkB(P,F)
LW . We
will first show that
(3.17) iW ǫwβ ∈ Ω
k
B(P, F˜).
Now, for any X ∈ Γ(TF) we have that the graded commutator [iX , ǫw] satisfies
(3.18) [iX , ǫw] = ǫiXw = 0,
as iXw = g(W,X) = 0, and
(3.19) [LX , ǫw] = ǫLXw = 0,
as LXw = iXdw = 0. Thus, by using (3.18) and (3.19) we get
LX(iW ǫwβ) = iWLXǫwβ + i[X,W ]ǫwβ
= iW ǫwLXβ − ǫwi[X,W ]β = 0,
since [X,W ] ∈ Γ(TF) and i[X,W ]w = 0. Moreover,
iX(iW ǫwβ) = iW ǫwiXβ = 0.
Further, we have that iW (iW ǫwβ) = 0 and
LW (iW ǫwβ) = iWLW ǫwβ = iW ǫwLWβ + iW ǫLWwβ = 0,
as LWβ = 0, [LW , ǫw] = ǫLWw and LWw = iWdw + d1 = 0. This completes the proof of (3.17).
Now, we will check that
(3.20) iWβ ∈ Ω
k−1
B (P, F˜).
Indeed, the conditions iW (iWβ) = 0 and LW (iWβ) = 0 are clearly satisfied. Moreover, for any
X ∈ Γ(TF) we have iX(iWβ) = −iW (iXβ) = 0 and
LX(iWβ) = iWLXβ + i[X,W ]β = 0.
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Moreover, note that iWβ and iW ǫwβ are closed, assuming that β ∈ Ω
k
B(P,F)
LW is closed. Indeed,
we have
d(iWβ) = LWβ − iWdβ = 0
and
d(iW ǫwβ) = LW ǫwβ − iWdǫwβ
= ǫwLWβ + iW ǫwdβ = 0,
since LW commutes with ǫw and dw = 0.
Suppose β, β′ ∈ ΩkB(P,F)
LW are closed forms, with β − β′ = dγ, for some γ ∈ Ωk−1B (P,F)
LW .
Then
iW ǫwβ − iW ǫwβ
′ = iW ǫwdγ
= −iWdǫwγ
= diW ǫwγ − LW ǫwγ
= diW ǫwγ − ǫwLWγ = d(iW ǫwγ)
and iW ǫwγ ∈ Ω
k−1
B (P, F˜), due to (3.17). Therefore
[iW ǫwβ]F˜ = [iW ǫwβ
′]F˜ .
We also have that
[iWβ]F˜ = [iWβ
′]F˜ .
Indeed,
iWβ − iWβ
′ = iWdγ = −d(iWγ)
and iWγ belongs to Ω
k−2
B (P, F˜), due to (3.20). We conclude that the map (3.16) is well defined.
Consider now the map
(3.21) [(Id, ǫw)] : H
k
B(P, F˜)⊕H
k−1
B (P, F˜) −→ H
k
B(P,F)
LW
defined by
[(Id, ǫw)]([α]F˜ , [β]F˜ ) = [α+ ǫwβ]F .
Let us check that it is well defined. Clearly, we have α ∈ ΩkB(P, F˜) ⊂ Ω
k
B(P,F)
LW . Moreover, let
β ∈ Ωk−1B (P, F˜). Then LW (ǫwβ) = ǫwLWβ = 0. Now, let X ∈ Γ(TF). Then
iX(ǫwβ) = −ǫwiXβ = 0,
due to (3.18), and
LX(ǫwβ) = ǫwLXβ = 0,
thanks to (3.19). We conclude that
α+ ǫwβ ∈ Ω
k
B(P,F)
LW .
Suppose dα = 0 and dβ = 0. Then
d(α+ ǫwβ) = dα− ǫwdβ = 0.
Now, assume that α, α′ ∈ ΩkB(P, F˜) with α − α
′ = dγ, for some γ ∈ Ωk−1B (P, F˜). Then γ ∈
Ωk−1B (P,F)
LW and [α]F = [α
′]F . Suppose β, β
′ ∈ Ωk−1B (P, F˜), with β − β
′ = dγ˜, for some
γ˜ ∈ Ωk−2B (P, F˜). Then, we have [ǫwβ]F = [ǫwβ
′]F . Indeed
dǫwγ˜ = ǫwβ − ǫwβ
′
and it is easy to check that ǫwγ˜ ∈ Ω
k−1
B (P,F)
LW .
This completes the proof that the map (3.21) is well defined. Finally, one can easily check that
it is the inverse of the map (3.16). 
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4. Proof of Theorem 1.2
Proof. We will proceed in two steps.
First step. Using the results in [9] on Hard Lefschetz isomorphisms for transversely Ka¨hler
foliations and the fact that the foliation generated by the Lee and anti-Lee vector fields on M is
transversely Ka¨hler, we will see that it is possible to define a morphism
Tk : H
2n+1−k
B (M,U)→ H
k
B(M,U), for 0 ≤ k ≤ n.
This map will be just the inverse morphism of the U -basic Lefschetz isomorphism in degree k.
Since the anti-Lee vector field V of our compact Vaisman manifoldM2n+2 is unitary and Killing,
we can apply [19, Theorem 6.13] to V . We obtain a long exact sequence of cohomology groups
· · · → HkB(M,V )
[ǫdη]
−−−→ Hk+2B (M,V )
[Id]
−−→ Hk+2(M)
[iV ]
−−→ Hk+1B (M,V )→ . . .
where for a map f between spaces of forms we write [f ] for the induced map in cohomology. Note
that, following the notation in Section 1.2, HkB(M,V ) is the basic cohomology of M associated
with the vector field V .
Now we apply Theorem 3.1 in terms of the type HkB(M,V ) in the above sequence, with F = 〈V 〉
andW = U . Moreover, we use Corollary 3.2 for the terms of the form Hk(M), again with W = U .
Since [iU , iV ] = 0 and [iU , ǫdη] = ǫiUdη = 0, we get that the following diagram is commutative
HkB(M,V )
[ǫdη] //
OO
[(Id,ǫω)] ∼=
Hk+2B (M,V )
[Id] //
OO
[(Id,ǫω)] ∼=
Hk+2(M)
OO
[(Id,ǫω)] ∼=
[iV ] // Hk+1B (M,V )OO
[(Id,ǫω)] ∼=
HkB(M,〈U,V 〉)
⊕
Hk−1
B
(M,〈U,V 〉)
(
[ǫdη] 0
0 [ǫdη]
)
//
H
k+2
B
(M,〈U,V 〉)
⊕
H
k+1
B
(M,〈U,V 〉)
(
[Id] 0
0 [Id]
)
//
H
k+2
B
(M,U)
⊕
H
k+1
B
(M,U)
(
[iV ] 0
0 [iV ]
)
//
H
k+1
B
(M,〈U,V 〉)
⊕
HkB(M,〈U,V 〉)
Since the vertical maps in the above diagram are isomorphisms and the upper sequence is exact,
we get that the lower sequence is also exact. Moreover, note that the bottom sequence splits in
two copies of
(4.1)
· · · → HkB(M, 〈U, V 〉)
[ǫdη]
−−−→ Hk+2B (M, 〈U, V 〉)
[Id]
−−→ Hk+2B (M,U)
[iV ]
−−→ Hk+1B (M, 〈U, V 〉)→ . . .
Since every Vaisman manifold is transversely Ka¨hler with respect to the 2-dimensional foliation
defined by the Lee and anti-Lee vector fields, we can apply El Kacimi-Alaoui results [9]. In fact,
he proves a transversely Hard Lefschetz theorem in cohomology [9, page 97] which in our case gives
that
(4.2) LefUVk := [ǫdη]
n−k : HkB(M, 〈U, V 〉)→ H
2n−k
B (M, 〈U, V 〉)
is an isomorphism, for all 0 ≤ k ≤ n. Therefore, the map
[ǫdη] : H
k−1
B (M, 〈U, V 〉)→ H
k+1
B (M, 〈U, V 〉)
is injective, for all 1 ≤ k ≤ n.
Now, consider the following part of the long exact sequence (4.1)
HkB(M, 〈U, V 〉)
[Id]
−−→ HkB(M,U)
[iV ]
−−→ Hk−1B (M, 〈U, V 〉)
[ǫdη]
−−−→ Hk+1B (M, 〈U, V 〉)→ . . .
For 1 ≤ k ≤ n, since [ǫdη] is injective we get that [iV ] is zero and hence the map
HkB(M, 〈U, V 〉)
[Id]
−−→ HkB(M,U)
is surjective. In particular, for k = 1 we have that
(4.3) [Id] : H1B(M, 〈U, V 〉)→ H
1
B(M,U)
is an isomorphism. Moreover, taking also into account the injectivity of [ǫdη], from (4.1) we obtain
the following short exact sequence
(4.4) 0→ Hk−2B (M, 〈U, V 〉)
[ǫdη]
−−−→ HkB(M, 〈U, V 〉)
[Id]
−−→ HkB(M,U)→ 0
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for 2 ≤ k ≤ n.
The transversal Hard Lefschetz theorem also implies that the map
[ǫdη] : H
2n−k−1
B (M, 〈U, V 〉)→ H
2n−k+1
B (M, 〈U, V 〉)
is surjective, for each 1 ≤ k ≤ n. We consider the following part of the long exact sequence (4.1)
(4.5)
H2n−k−1B (M, 〈U, V 〉)
[ǫdη]
−−−→ H2n−k+1B (M, 〈U, V 〉)
[Id]
−−→ H2n−k+1B (M,U)
[iV ]
−−→ H2n−kB (M, 〈U, V 〉)
for 1 ≤ k ≤ n. As [ǫdη] is surjective, we get that
[Id] : H2n−k+1B (M, 〈U, V 〉) −→ H
2n−k+1
B (M,U)
is a zero map. Hence
[iV ] : H
2n−k+1
B (M,U) −→ H
2n−k
B (M, 〈U, V 〉)
is injective. In particular, for k = 1, the map
(4.6) [iV ] : H
2n
B (M,U) −→ H
2n−1
B (M, 〈U, V 〉)
is an isomorphism since H2n+1B (M, 〈U, V 〉) = {0}. For 2 ≤ k ≤ n, we get an exact sequence
(4.7) 0→ H2n−k+1B (M,U)
[iV ]
−−→ H2n−kB (M, 〈U, V 〉)
[ǫdη]
−−−→ H2n−k+2B (M, 〈U, V 〉)→ 0.
Using the transversal Hard Lefschetz isomorphism (4.2), we can zip the exact sequences (4.4)
and (4.7) like in the following diagram
(4.8)
0 // Hk−2
B
(M, 〈U, V 〉)
[ǫdη] //
LefUVk−2
∼=

HkB(M, 〈U, V 〉)
[Id] //
LefUVk
∼=

HkB(M,U) // 0
0 H2n−k+2
B
(M, 〈U, V 〉)oo H2n−k
B
(M, 〈U, V 〉)
[ǫdη]oo H2n−k+1
B
(M,U)
[iV ]oo
Tk
OO
0oo
where the operator Tk in the diagram is defined as
Tk : = [Id] ◦ (Lef
UV
k )
−1 ◦ [iV ], for 2 ≤ k ≤ n.
Note that Tk, with k = 0, 1, may be defined in a similar way, that is,
(4.9) Tk := [Id] ◦ (Lef
UV
k )
−1 ◦ [iV ], for k = 0, 1.
Second step. We will see that the linear map
Tk : H
2n+1−k
B (M,U)→ H
k
B(M,U), with 0 ≤ k ≤ n,
is an isomorphism and that the inverse morphism of Tk is just the U -basic Lefschetz isomorphism
in degree k
LefUk : H
k
B(M,U)→ H
2n+1−k
B (M,U).
For k = 1, using (4.9) we have that T1 is an isomorphism, as the maps in (4.3) and (4.6) are
isomorphisms.
On the other hand, from Theorem 3.1 and Corollary 3.2, we deduce that the maps
[ǫw] : H
2n+1
B (M,U)→ H
2n+2(M), [ǫw] : H
2n
B (M, 〈U, V 〉)→ H
2n+1
B (M,V )
are isomorphisms and that the inverse morphisms are
[iU ] : H
2n+2(M)→ H2n+1B (M,U), [iU ] : H
2n+1
B (M,V )→ H
2n
B (M, 〈U, V 〉).
Thus, since H2n+2(M) = 〈[ω ∧ η ∧ (dη)n]〉, we have that H2n+1B (M,U) = 〈[η ∧ (dη)
n]〉, Further,
we have H2nB (M, 〈U, V 〉) = 〈[(dη)
n]〉 and the map
(4.10) [iV ] : H
2n+1
B (M,U)→ H
2n
B (M, 〈U, V 〉)
is an isomorphism. Moreover, it is clear that the map
(4.11) [Id] : H0B(M, 〈U, V 〉)→ H
0
B(M,U)
also is an isomorphism. Therefore, from (4.9) we deduce that T0 is an isomorphism.
Next, we will show that Tk is an isomorphism of vector spaces for 2 ≤ k ≤ n.
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Let us start by proving the injectivity of Tk. Let x ∈ H
2n−k+1
B (M,U) be such that [Id] ◦
(LefUVk )
−1 ◦ [iV ]x = 0. Since the upper sequence is exact, there exists w ∈ H
k−2
B (M, 〈U, V 〉) such
that
[ǫdη]w = (Lef
UV
k )
−1 ◦ [iV ]x = 0.
We also have [ǫdη][iV ]x = 0. Hence,
LefUVk−2 w = [ǫdη] ◦ Lef
UV
k ◦[ǫdη]w = [ǫdη] ◦ [iV ]x = 0.
As LefUVk−2 is an isomorphism, we get that w = 0 and therefore (Lef
UV
k )
−1 ◦ [iV ]x = 0. Since
(LefUVk )
−1 is an isomorphism, we get [iV ]x = 0. As [iV ] is injective we conclude that x = 0.
Now we will check surjectivity. Let w ∈ HkB(M,U). Then there exists z ∈ H
k
B(M, 〈U, V 〉) such
that [Id]z = w. Define
(4.12) z′ = z − [ǫdη] ◦ (Lef
UV
k−2)
−1 ◦ [ǫdη] ◦ Lef
UV
k z.
As [Id] ◦ [ǫdη] = 0, we get that
[Id]z′ = [Id]z = w.
Further, we multiply (4.12) by [ǫdη]◦Lef
UV
k on the left and we use that [ǫdη]◦Lef
UV
k ◦[ǫdη] = Lef
UV
k−2.
We get
[ǫdη] ◦ Lef
UV
k z
′ = [ǫdη] ◦ Lef
UV
k z − [ǫdη] ◦ Lef
UV
k z = 0.
Thus (LefUVk )z
′ is in the kernel of [ǫdη] and therefore the exactness of the bottom sequence implies
that there is x ∈ H2n−k+1B (M,U) such that [iV ]x = (Lef
UV
k )z
′. Then,
Tx = [Id] ◦ (LefUVk )
−1 ◦ [iV ]x = [Id]z
′ = w.
We conclude that T is also surjective.
Next, we will show that property (i) in the claim of Theorem 1.2 holds.
Let [β]U ∈ H
k
B(M,U). Then, due to the surjectivity of [Id] in (4.8), there is z ∈ H
k
B(M, 〈U, V 〉)
such that [Id]z = [β]U . Let β
′′ ∈ ΩkB(M, 〈U, V 〉) be the 〈U, V 〉-harmonic form in the cohomology
class z. Then
[β′′]U = [Id][β
′′]UV = [Id]z = [β]U ,
where [β′′]UV is the cohomology class in H
k
B(M, 〈U, V 〉) induced by β
′′. Moreover, using a result
in [9] (see [9, Proposition 3.4.5]), we have that the operator ǫdη commutes with the 〈U, V 〉-basic
Laplacian and, so, ǫdη sends 〈U, V 〉-basic-harmonic forms into 〈U, V 〉-basic-harmonic forms. Thus,
ǫn−k+1dη β
′′ ∈ Ω2n−k+2∆F (M, 〈U, V 〉),
and, from (4.2), we have that
(ǫdη)
n−l : Ωl∆F (M, 〈U, V 〉)→ Ω
2n−l
∆F
(M, 〈U, V 〉)
is an isomorphism for 0 ≤ l ≤ n. This implies that there exists γ ∈ Ωk−2∆F (M, 〈U, V 〉) such that
ǫn−k+2dη γ = ǫ
n−k+1
dη β
′′.
So,
Ln−k+1(β′′ − ǫdηγ) = ǫ
n−k+1
dη (β
′′ − ǫdηγ) = 0.
Next, we check that β′ := β′′ − ǫdηγ has the required properties in (i). Indeed, we have
iV (β
′′ − ǫdηγ) = 0,
as β′′ ∈ ΩkB(M, 〈U, V 〉), iV dη = 0 and γ ∈ Ω
k−2
B (M, 〈U, V 〉). Moreover, we have
(4.13) [β′′ − ǫdηγ]U = [β
′′]U .
In fact ǫdηγ = d(η ∧ γ), as γ is closed. Moreover η ∧ γ ∈ Ω
k
B(M,U), as iU (η ∧ γ) = 0 and
LU (η ∧ γ) = iUd(η ∧ γ) = iU (dη ∧ γ) = 0,
since iUdη = 0 and iUγ = 0. Thus [ǫdηγ]U = 0 and (4.13) holds.
Now, we consider the map
LefUk : H
k
B(M,U) −→ H
2n+1−k
B (M,U)
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defined as the inverse of the isomorphism Tk, that is, Lef
U
k = T
−1
k . We will show that Lef
U
k can be
computed as in (ii): if β′ ∈ [β]U satisfies the conditions in (i), then
LefUk [β]U = [ǫηL
n−kβ′]U .
First of all, condition (i) implies
d(ǫηL
n−kβ′) = Ln−k+1β′ = 0.
Next,
iU (ǫηL
n−kβ′) = 0,
as iUη = 0, iUdη = 0 and β
′ is U -basic. We conclude that ǫηL
n−kβ′ is a closed form in
Ω2n+1−kB (M,U). Moreover, from (4.2),
Tk[ǫηL
n−kβ′]U = [Id] ◦ (Lef
UV
k )
−1 ◦ [iV ][ǫηL
n−kβ′]U
= [Id] ◦ (LefUVk )
−1[ǫn−kdη β
′]UV
= [Id][β′]UV = [β
′]U = [β]U .
Therefore,
T−1k [β]U = [ǫηL
n−kβ′]U = Lef
U
k [β]U .

5. Proof of Theorem 1.4
Proof. Proof of (1) in Theorem 1.4
(Lefschetz ⇒ basic Lefschetz)
Assume that the l.c.s. structure (ω, η) is Lefschetz and denote by
[i] : HkB(M,U) −→ H
k(M)
the canonical monomorphism, that is, [i] = [(Id, ǫω)]|Hk
B
(M,U)⊕{0} (cf. Corollary 3.2).
Let β be a closed basic k-form on M , with k ≤ n. Then, there exists a closed k-form β′ on M
such that β′ ∈ [β] and
(5.1) LUβ
′ = 0, iV β
′ = 0, Ln−k+2β′ = 0, Ln−k+1ǫωβ
′ = 0.
Let β¯ = Gδ(β′ − β), where G is the Green operator on M . Then LU β¯ = 0 since LUβ = 0 and LU
commutes with G and δ, as U is a Killing vector field.
From the properties of the Green operator, it follows that
β′ = β + dβ¯.
Therefore, if we take
(5.2) β′′ = β′ − ω ∧ iUβ
′
then dβ′′ = 0, β′′ ∈ ΩkB(M,U) and
β′′ = β + d(β¯ − ω ∧ iU β¯).
This implies that
β′′ ∈ [β]U .
Moreover, from (5.1) and (5.2), it follows that
iV β
′′ = 0, Ln−k+1β′′ = 0.
This shows that every class [β]U contains a representative β
′′ that satisfies (1.1).
We define LefUk : H
k
B(M,U) −→ H
2n+1−k
B (M,U) by
(5.3) LefUk [β]U = [ǫηL
n−kβ′]U ,
where β′ is any representative of [β]U that satisfies (1.1). Note that ǫηL
n−kβ′ is closed as
d(ǫηL
n−kβ′) = Ln−k+1β′ = 0 and basic because
iUǫηL
n−kβ′ = ǫηL
n−kiUβ
′ = 0.
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We must prove that LefUk is well defined and is an isomorphism. To show that Lef
U
k is well defined,
we have to check that for any β′, β′′ ∈ [β]U that satisfy (1.1), one has
[ǫηL
n−kβ′]U = [ǫηL
n−kβ′′]U .
Since β′ and β′′ are basic and
iV β
′ = 0, Ln−k+1β′ = 0, iV β
′′ = 0, Ln−k+1β′′ = 0,
it is easy to check that β′ and β′′ satisfy (5.1). Moreover, they are representatives of [β] ∈ Hk(M).
Thus by the defining properties of Lefk, we have
(5.4) [ǫηL
n−kβ′] = Lefk[β] = [ǫηL
n−kβ′′].
Thus [i][ǫηL
n−kβ′]U = [i][ǫηL
n−kβ′′]U . Since [i] is a monomorphism, we get [ǫηL
n−kβ′]U =
[ǫηL
n−kβ′′]U . Hence Lef
U
k is well defined and satisfies the required property for its computation.
From (5.4), we get that
Lefk ◦ [i][β]U = [i] ◦ Lef
U
k [β]U
for any [β]U ∈ H
k
B(M,U). Thus if Lef
U
k [β]U = 0 then Lefk[i][β]U = 0. As Lefk is an isomorphism,
we get that [i][β]U = 0. Since [i] is monomorphism this implies that [β]U = 0, that is Lef
U
k is
injective.
By Poincare´ duality for basic cohomology [19, Theorem 7.54] (see also calculations on page 69
of [19]), it follows that
dimHkB(M,U) = dimH
2n+1−k
B (M,U).
Thus LefkU is an isomorphism, being an injective map between two vector spaces of the same
dimension.
(Basic Lefschetz ⇒ Lefschetz)
Assume that the l.c.s. structure on M is basic Lefschetz.
Let γ be a closed k-form on M , with k ≤ n. We have to show that there is γ′ ∈ [γ] satisfying
(5.1). Note that
[(Id, ǫω)]
−1[γ] = ([γ1]U , [γ2]U ) ∈ Ω
k
B(M,U)⊕ Ω
k−1
B (M,U)
for some basic forms γ1 and γ2 on M . Since the basic Lefschetz property holds, we can choose
γ′1 ∈ [γ1]U and γ
′
2 ∈ [γ2]U such that
iV γ
′
1 = 0, L
n−k+1γ′1 = 0,
and
iV γ
′
2 = 0, L
n−k+2γ′2 = 0.
Thus, we can consider the closed k-form
γ′ = γ′1 + ω ∧ γ
′
2
and it is easy to see that γ′ ∈ [γ] and
LUγ
′ = 0, iV γ
′ = 0, Ln−k+2γ′ = 0, Ln−k+1ǫωγ
′ = 0.
Now, consider the following isomorphisms
[(Id, ǫω)]
−1 : Hk(M) −→ HkB(M,U)⊕H
k−1
B (M,U),
LefUk ⊕Lef
U
k−1 : H
k
B(M,U)⊕H
k−1
B (M,U) −→ H
2n+1−k
B (M,U)⊕H
2n+2−k
B (M,U),
σ : H2n+1−kB (M,U)⊕H
2n+2−k
B (M,U) −→ H
2n+2−k
B (M,U)⊕H
2n+1−k
B (M,U),
[(Id, ǫω)] : H
2n+2−k
B (M,U)⊕H
2n+1−k
B (M,U) −→ H
2n+2−k(M),
where σ is the canonical involution and LefUr : H
r
B(M,U) −→ H
2n+1−r
B (M,U) is the isomor-
phism whose graph is the basic Lefschetz relation RBLefr . We define the map Lefk : H
k(M) −→
H2n+2−k(M) by
Lefk = [(Id, ǫω)] ◦ σ ◦ (Lef
U
k ⊕Lef
U
k−1) ◦ [(Id, ǫω)]
−1.
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It is straightforward that Lefk is an isomorphism. It is left to show that for any closed form
γ ∈ Ωk(M) that satisfies (5.1), we have
(5.5) Lefk[γ] = [ǫηL
n−k(LiUγ − ǫωγ)].
Let γ1 = iU (ω ∧ γ) and γ2 = iUγ. Note that the forms γ1 and γ2 are closed and obviously
iUγ1 = iUγ2 = 0. Thus they represent certain classes in H
∗
B(M,U). We have
[(Id, ǫω)]
−1[γ] = ([γ1]U , [γ2]U ).
Moreover, γ1 satisfies the conditions
iV γ1 = 0, L
n−k+1γ1 = 0,
and γ2 satisfies
iV γ2 = 0, L
n−k+2γ2 = 0.
Thus
(5.6) LefUk [γ1]U = [ǫηL
n−kγ1]U = [ǫηL
n−kiU (ω ∧ γ)]U
and
(5.7) LefUk−1[γ2]U = [ǫηL
n−k+1γ2]U = [ǫηL
n−k+1iUγ]U .
Now, we get by definition of the map Lefk that
Lefk[γ] = [ǫηL
n−k+1iUγ + ǫωǫηL
n−kiU (ω ∧ γ)] = [ǫηL
n−k(LiUγ − ǫωγ)].
This proves the first part of Theorem 1.4.
Proof of (2) in Theorem 1.4
Assume that the l.c.s. structure (ω, η) is Lefschetz (or, equivalently, basic Lefschetz) and denote
by
LefUk : H
k
B(M,U) −→ H
2n+1−k
B (M,U), 1 ≤ k ≤ n,
the isomorphism whose graph is the basic Lefschetz relation RBLefk . Since U is a parallel vector
field, we get that the mean curvature κ of the foliation 〈U〉 is zero. Moreover, the characteristic
form of 〈U〉 is ω (see page 69 of [19]). Therefore, by Theorem 7.54 in [19], we have a non-degenerate
pairing
〈·, ·〉 : H2n+1−kB (M,U)⊗H
k
B(M,U) −→ R
given by
(5.8) 〈[µ]U , [β]U 〉 =
∫
M
ω ∧ µ ∧ β.
Since LefUk is an isomorphism, we get that the bilinear form
(5.9) ψ := 〈·, ·〉 ◦ (LefUk , Id)
on HkB(M,U) is non-degenerate. Let α and β be closed basic k-forms on M . Then, for any
α′ ∈ [α]U and β
′ ∈ [β]U such that
iV α
′ = 0, Ln−k+1α′ = 0, iV β
′ = 0, Ln−k+1β′ = 0,
we get that
ψ([α]U , [β]U ) =
∫
M
ω ∧ ǫηL
n−kα′ ∧ β′
= (−1)k
2
∫
M
ω ∧ ǫηL
n−kβ′ ∧ α′ = (−1)kψ([β]U , [α]U ).
This shows that ψ is symmetric if k is even, and skew-symmetric if k is odd.
Consequently, for odd k between 1 and n, ck(M) := dimH
k
B(M,U) is even. On the other hand,
from Theorem 3.2 we deduce that
bk(M) = ck(M) + ck−1(M),
which implies that
bk(M)− bk−1(M) = ck(M)− ck−2(M).
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Since ck(M) and ck−2(M) are both even, we get that bk(M)− bk−1(M) is also even. 
Finally, we derive Theorem 1.1 from the previously proved results.
(Proof of Theorem 1.1). By Theorem 1.2, every compact Vaisman manifold satisfies the basic Lef-
schetz property. Thus from Theorem 1.4, we get that every Vaisman manifold has the Lefschetz
property. 
6. Examples of non Vaisman compact Lefschetz l.c.s. manifolds
In this section, we will construct examples of compact l.c.s. manifolds of the first kind which do
not satisfy the Lefschetz property. We will also present an example of a compact Lefschetz l.c.s.
manifold of the first kind which does not admit compatible Vaisman metrics. In order to do this
we will use the following proposition.
Proposition 6.1. Let M be a (2n+ 2)-dimensional compact l.c.s. manifold of the first kind such
that the space of orbits N of the Lee vector field U of M is a quotient manifold.
(i) If π : M −→ N is the canonical projection then there exists a contact 1-form ηN on N such
that π∗ηN = η, η being the anti-Lee 1-form of M . Moreover, the anti-Lee vector field V of M
is π-projectable and its projection ξ ∈ X(N) is the Reeb vector field of the contact manifold
(N, ηN ).
(ii) There exists a Riemannian metric g on M such that U is parallel and unitary with respect
to g, and, in addition,
ω(X) = g(X,U), for all X ∈ X(M),
where ω is the Lee 1-form of M .
Proof. The first claim is well known and can be found in [22].
We will prove (ii). Denote by F the vector subbundle induced by the foliation ω = 0. Then
TM = F ⊕ 〈U〉. From an arbitrary Riemannian metric gN on N , we can define a Riemannian
metric g on M such that
π : (M, g) −→ (N, gN )
is a Riemannian submersion with the horizontal subbundle F and the vector field U is unitary
with respect to g. This implies that ω(X) = g(X,U). Moreover, it is easy to prove that U is a
Killing vector field. Thus, since the dual 1-form to U with respect to g is ω and it is closed, we
conclude that U is parallel. 
Under the same conditions as in Proposition 6.1, it is clear that the basic Lefschetz property for
the l.c.s. manifold M is equivalent to the Lefschetz property for the base contact manifold N . We
recall that on a contact manifold of dimension 2n + 1 with contact structure η and Reeb vector
field ξ, we may define the Lefschetz relation between the de Rham cohomology groups Hk(N) and
H2n+1−k(N), for 0 ≤ k ≤ n, by
RLefk = {[β], [ǫηL
n−kβ]) | β ∈ Ωk(N), dβ = 0, iξβ = 0, L
n−k+1β = 0},
where L is the operator ǫdη. Then, η is said to be a contact Lefschetz structure if the relation
RLefk is the graph of an isomorphism Lefk : H
k(N)→ H2n+1−k(N) (see [6]).
So, using Theorem 1.4 and Proposition 6.1, we deduce the following result.
Corollary 6.2. Let M be a (2n+2)-dimensional compact l.c.s. manifold of the first kind such that
the space of orbits of the Lee vector field is the contact manifold N . Then, the following conditions
are equivalent:
(1) The l.c.s. structure on M satisfies the Lefschetz property.
(2) The l.c.s. structure on M satisfies the basic Lefschetz property.
(3) The contact structure on N satisfies the Lefschetz property.
Now, let N be a compact contact manifold and consider the product manifold M = N × S1
with its standard l.c.s. structure of the first kind (see Section 2). Then, it is clear that the space of
orbits of the Lee vector field of M is N . Thus, using Corollary 6.2 and taking as N the examples
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of non-Lefschetz compact contact manifolds considered in [4], we obtain examples of compact l.c.s.
manifolds of the first kind which satisfy the following conditions:
(1) Their Betti numbers satisfy relations (1.2) in Theorem 1.4.
(2) They do not satisfy neither the Lefschetz property nor the basic Lefschetz property (and,
therefore, they do not admit compatible Vaisman metrics).
Note that (1) follows using that bk(N) is even if k is odd and k ≤ n, with dimN = 2n + 1 and
bk(N) the k-th Betti number of N .
On the other hand, in [5], we present an example of a compact Lefschetz contact manifold N
which does not admit any Sasakian structure. So, the standard l.c.s. structure of the first kind on
M = N × S1 is Lefschetz and basic Lefschetz. However, M does not admit compatible Vaisman
metrics.
We conclude stating an open problem concerning these topics. It would be interesting to find
examples of compact l.c.s. manifolds of the first kind which satisfy the basic Lefschetz property
but they do not satisfy the Lefschetz property and vice versa.
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